A linear operator a on a C*-algebra A induces a contraction 6$ on the Hilbert space <*% associated with a ^-invariant state <j> provided a satisfies the Schwarz inequality: 0(a*a) >ff(a)*0(a).
t (a)=\ oi JG
where a is an action of a locally compact group G on A by automorphisms, and {ju r : r>0} is a convolution semigroup of probability measures on C.
This paper is concerned with semigroups &* of linear operators a on A which are strongly positive in the sense that they satisfy the Schwarz inequality:
cr(a*a) > a(a)*<7(a) .
Any 2-positive operator is strongly positive, but the converse fails [5] . If A is commutative, any positive operator is strongly positive, so the strongly positive one-parameter semigroups on A are precisely the diffusion (or Markov) semigroups on the spectrum of A [10] . The class of strongly positive semigroups A is convenient since there is an associated semigroup ^ of contractions on the Hilbert space Jf^ obtained from an 5^-in variant state 0 by GNS-construction. If y is a group of automorphisms, then ^ is the unitary group co variant with the action of £f in the representation n^ of A on ^.
Thus it is natural to try to establish connections between :
( i ) abelianness of the reduction of n^A) to the ^-invariant part Jf( ii) asymptotic abelianness of 0,
XN
(iii) abelianness of n^(A)' n £%, (iv) uniqueness of decompositions of <j) into ^-ergodic (extremal Sfin variant) states. These properties are known to be very closely related for automorphism groups [4] , and a study of them for strictly positive one-parameter semigroups has been initiated by Majewski and Robinson [15; 16] . Assuming that 0 is a faithful on n^(A)" 9 the equivalence of the four properties was shown in [16, Theorem 2] . The argument depended on two technical facts : (a) 7^04)" n £; = n+(Ay n * >
where p^ is the orthogonal projection of ^ onto Jf^, and (71^(^4)")^ is the fixed point subspace of n^A)" under &*.
In the non-faithful case, (a) can be replaced by a similar property :
(ay £*> is ^-invariant} .
In the theory relating to automorphism groups, (a)' plays an important role which is sometimes obscured by the ease with which it is derived. The properties (a)' and (b) are established in Propositions 2.1 and 4.2 respectively below, in the first case for any strongly positive semigroup, in the second for semigroups of operators a which are (strongly) 2-positive, in the sense that
is (strongly) positive on the C*-algebra M 2 (A) = M 2 (C)®A of 2x2 matrices over A. These two technical results play crucial roles in the subsequent arguments. For example it is immediately possible to link properties (iii) and (iv) (Theorem 3.1), and properties (i) and (ii) (Proposition 5.1).
When considering the global versions of some of the four properties, a new question is raised -is it sufficient that the property holds for the ^-ergodic states? For an automorphism group ^, suitable global versions of the four properties are equivalent [7; 4, Corollary 4.3.11] , and it is sufficient that (i), (ii) or (iv) holds for ^-ergodic states [6; 3] . The corresponding result for (strongly) 2-positive semigroups is given in Theorem 6.1. Versions of the Kovacs-Sziics ergodic theorem and "quasi-largeness 9 ' of & are also obtained (Theorem 6.2).
Broadly speaking, this paper shows that results about invariant states for automorphism groups extend to strongly 2-positive semigroups, in particular to completely positive semigroups.
\ am very grateful to D. W. Robinson for explaining the extent of his own work on this subject. § 2. The Induced Contraction Semigroups Throughout the paper, A will be a C*-algebra with identity 1, and &> will be a semigroup of strongly positive linear operators a on A satisfying 0-(l) = l. If $ is an ^-invariant state of A with associated cyclic representation (^5 7^, £0), then
Hence there is an induced semigroup ^ = {0^: cre^j of linear contractions on Jf^ given by Let Jf^ be the set of all ^-invariant vectors in e^, and Jf^ be the set of all vectors rj in ^ satisfying Let PQ and p^ be the orthogonal projections of jf^ onto the closed linear subspaces JT0 and Jf^ respectively. The Alaoglu-Birkhoff mean ergodic theorem [4, Proposition 4.3.4] shows that p^ belongs to the strongly closed convex hull of ^. It will be seen later that JT^ and ^ usually coincide.
Let 0$ be the order-isomorphism of n^A)' into A* defined by
The range of 0$ is the linear span of the face of the state space S(A) of A generated by 0.
Proposition 2.1. For x in n^A)', the following are equivalent:
Proof. The implication (i)=>(ii) is immediate from the Alaoglu-Birkhoff mean ergodic theorem.
If x commutes with any projection p < p^ with p^ = ^, then Thus 6>0(jc) is ^-invariant. This proves that (ii)=>(iii) and (iv)=^>(iii). To prove (iii)^^)., it suffices to assume that x>0 and <x^5 ^) = 1 3 so that \l/ = 0^(x) is an ^-invariant state. The implication then follows in a similar manner to the argument used to prove 1=>2 in [16, Proposition 1] , since the Alaoglu-Birkhoff theorem ensures that operators a in the convex hull of &* may be found so that 0$ and o^ approximate p^ and p^ respectively in the strong* topology.
Now let x be a projection in the von Neumann algebra 7^04)' n {p^}'-Then for a in ^, \\n£^^^ x^> Hence (10 is the identity operator on Jf^), so x#0(10 -x) = 0. Replacing x by 1^ -x, it follows that xff (j> = xa (f) x = G (t) x. Since n^(A) r n {p^}' is generated by its projections, this completes the proof that (ii)=>(i).
Finally it is clear from the definition that p^ belongs to the von Neumann algebra generated by n^A) and <$^,. Since (i) and (ii) are equivalent, this algebra is generated by n^A) and p^. This gives the implication (ii)=s>(iv).
In the following, the von Neumann algebra generated by n^(A) and p^ will be denoted by 91 0 . Proposition 2.1 shows that 210 = 7^04)' n &'$, so ^c^. /\ Since &*$ is not self-adjoint in general, Proposition 2.1 is needed even to show that /Û j(Ay n &"$ is a von Neumann algebra. A simple calculation now shows that JT0 contains 91^.
An extreme point of the compact convex set S^(A) of all & -invariant states will be called an ^-ergodic state.
Corollary 2.2. An ^-invariant state $ is ^-ergodic if and only if n^A) U {p^\ is irreducible.
Proof. This follows from Proposition 2.1 which shows that the positivê -invariant functionals majorised by <j) are those of the form O^(x) where Corollary 2.2 was proved by Robinson [16, Theorem 3] in the case when A is a von Neumann algebra, and 0 is faithful and normal, and it is implicitly there in general. If ^ is separating for n^A)", then ^ induces a semigroup on 7T0G4)", and it follows from [16, Theorem 1] that n^A)" n {p^}' = n (f) (A)" n ^. This is closely related to Proposition 2.1 since JT^ is invariant under the modular conjugation J, so that Since ^ is ^-invariant, the orthogonal projection e of ^ onto jff satisfies a^e = ea^e, and therefore p ({> e = ep 4) e by the Alaoglu-Birkhoif If 0 and \l/ are ^-equivalent, the proof of (ii)=>(iii) shows that W p is a type 7 2 factor, and F^ is affinely homeomorphic to the set of 2 x 2 density matrices. These form a 3-dimensional Euclidean ball (see [1, p. (
i ) jUjB is supported by S^(A). (ii) jU$8 is a maximal measure on S#,(A) if and only if 23 is a maximal abelian subalgebra 0/21^. (iii) There is a unique maximal measure \i on S y (A) representing 4> tf and only if^l'^ is abelian. In this case, \JL is the W^-measure.
Proof The proofs of these facts depended heavily on the fact that Jf^ = JT 0 , which is very easily established for groups of automorphisms. In the next section of this paper it will be shown that Jf^ = JT0 provided that & is strongly 2-positive, and the results mentioned above will be extended to such semigroups in the subsequent sections.
The method used in [3] involved passing to a projection in the weak closure of the crossed product of the C*-dynamical system. This device is no longer available, but it is at least possible to use some of the earlier techniques of decomposition theory in separable cases [2; 6] .
The semigroup £f of operators on A will be said to be separable if each of its orbits y(d) is separable. Clearly £f is separable if A is separable or if &> is a strongly continuous one-parameter semigroup.
The next two lemmas present some of the technical measure-theoretic details needed. Here /* is a Baire measure on S y (A) representing <£, and Y\ is an arbitrary vector in ^.
If (a n ) n^l is a sequence in A chosen so that X II^(^«)^ -*?ll < °o 5 it was shown in [2, Lemma 2.4] that r\^ = lim n$(a^^ exists ^ -a.e.(^), and jfy is a.e. independent of the choice of («"). For r\' in ^ and ^ in ^ obtained from 17' in this way, The strong positivity of a n = \ n ®a gives:
Applying this inequality to the vector functional defined by © r\ { in the re- If /4 is abelian, all positive operators are completely positive, so Proposition 4.2 covers diffusion processes [10] .
There are various other circumstances in which one can establish the equality of Jif^ and tf$ without assuming strong 2-positivity. These include the following cases: (a) ^ is separating for n^A)" (see [16] ).
(b) The class of all normal states ^ of n^A)" which are ^-subinvariant (^o7r^oo-<^o7r^) is faithful for n^A)" (see [13] ). (c) (f) is ^-ergodic, and coj is ^-invariant for each r\ in Jf^,. Among the earliest results in the study of states invariant under an automorphism group were the equivalence of abelianness of p <i>^(i> (A)p (f) with weak asymptotic abelianness of the vector states coj (^e Jf^) [14] , and the equivalence of one-dimensionality of Jf^ with weak clustering of 0 [9] . For strongly positive semigroups, the first of these equivalences is related to the possible equality of 3C$ and J^,, but the second is always valid.
A state 4> of A is weakly y-abelian if 
